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SPLITTING OF PRIMES IN NUMBER FIELDS GENERATED BY POINTS ON
SOME MODULAR CURVES
FILIP NAJMAN AND ANTONELA TRBOVIĆ
Abstract. We study the splitting of primes in number fields generated by points on modular curves.
Momose [10] was the first to notice that quadratic points on X1(n) generate quadratic fields over which
certain primes split in a particular way and his results were later expanded upon by Krumm [8]. We
prove results about the splitting behaviour of primes in quadratic fields generated by points on the
modular curves X0(n) which are hyperelliptic (except for n = 37) and in cubic fields generated by
points on X1(2, 14).
1. Introduction
A famous and much-studied problem in the theory of elliptic curves, going back to Mazur’s torsion
theorem [9], is to determine the possible torsion groups of elliptic curves over K, for a given number field
K or over all number fields of degree d. Here we are more interested in the inverse question:
Question 1. For a given torsion group T and a positive integer d, for which and what kind of number
fields K of degree d do there exist elliptic curves E such that E(K) ≃ T?
To make Question 1 sensible, one should of course choose the group T in a such a way that the set of
such fields should be non-empty and preferably infinite.
It has been noted already by Momose [10] in 1984 (see also [7]) that the existence of specific torsion
groups T over a quadratic field K forces certain rational primes to split in a particular way in K.
Krumm [8] in his PhD thesis obtained similar results about splitting of primes over quadratic fields K
with T ≃ Z/13Z or Z/18Z and it was also proven by Bosman, Bruin, Dujella and Najman [2] and Krumm
[8] independently that all such quadratic fields must be real.
The first such result over cubic fields was proven by Bruin and Najman [5], where it was shown for
T ≃ Z/2Z× Z/14Z that all such cubic fields K must be cyclic. In this paper we explore this particular
case further and prove in Section 3 that in such a field 2 always splits, giving the first description of
a splitting behaviour forced by the existence of a torsion group of an elliptic curve over a cubic field.
Furthermore, we show that all primes q ≡ ±1 (mod 7) of multiplicative reduction for such curves split
in K. The proof of these results turns out to be more intricate than in the quadratic case.
As Question 1 can equivalently be phrased as asking when the modular curve X1(m,n) parameterizing
elliptic curves together with the generators of a torsion subgroup T ≃ Z/mZ × Z/nZ has non-cuspidal
points over K, one is naturally drawn to ask a more general question by replacing X1(m,n) by any
modular curve X .
Question 2. For a given modular curve X and a positive integer d, for which and what kind of number
fields K of degree d do there exist non-cuspidal points in X(K)?
The most natural modular curves to consider next are the classical modular curves X0(n) classifying
elliptic curves with cyclic isogenies of degree n. Bruin and Najman [4] proved that quadratic fields K
over which X0(n) for n = 28 and 40 have non-cuspidal points are always real. In this paper we prove the
first results about splitting of certain primes over quadratic fields where some modular curves X0(n) have
non-cuspidal points. We consider all the n such that X0(n) is hyperelliptic except for n = 37. The reason
we exclude n = 37 is that the quadratic points on X0(37) cannot all be described (with finitely many
exceptions) as inverse images of P1(Q) with respect to the degree 2 hyperelliptic map X0(37)→ P1. For
more details about quadratic points on X0(37), see [3]. In Section 2 we prove a series of results about
the splitting behaviour of various primes in quadratic fields generated by quadratic points on X0(n).
The computations in this paper were executed in the computer algebra system Magma [1]. The code
used in this paper can be found at https://web.math.pmf.unizg.hr/~atrbovi/magma2.
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2. Splitting of primes in quadratic fields generated by points on X0(n)
In this section we study the splitting behaviour of primes in quadratic fields over which the modular
curvesX0(n) have non-cuspidal points. Models forX0(n) have been obtained from the SmallModularCurves
database in Magma.
Many proofs will be similar for different n-s and we have tried to make them as short as possible while
making them clear and self-contained.
Proposition 2.1. Let K = Q(
√
D), where D is square-free, be a quadratic field over which X0(22) has
a non-cuspidal point. Then D ≡ 1, 2, 6 (mod 8), so 2 is not inert in K.
Proof. We use the following equation for X0(22):
X0(22) : y
2 = f(x) := x6 − 4x4 + 20x3 − 40x2 + 48x− 32.
By [4, Table 1], all the non-cuspidal quadratic points on X0(22) not defined over Q(
√−47), Q(√−7),
Q(
√−2) or Q(√33) are of the form (x0,
√
f(x0)), for some x0 ∈ Q. We write d = f(x0), so the
aforementioned point is defined over Q(
√
d). Define D to be the square-free part of d. By putting
x0 =
m
n
, (m,n) = 1, we can write
(1) n6d = m6 − 4m4n2 + 20m3n3 − 40m2n4 + 48mn5 − 32n6.
By considering the possibilities ofm and n in (1) modulo 512, we have that n6d ≡ 1 (mod 8), n6d ≡ 32
(mod 64) or n6d ≡ 64 (mod 512). In the last two cases we can write d = 16d1 and d = 64d2, respectively,
and get n6d1 ≡ 2 (mod 4) and n6d2 ≡ 1 (mod 8), so in all cases we have D ≡ 1, 2, 6 (mod 8) and the
claim follows.

Proposition 2.2. Let K = Q(
√
D), where D 6= −5 is square-free, be a quadratic field over which X0(23)
has a non-cuspidal point. Then 2 is unramified in K.
Proof. We use the following equation for X0(23):
X0(23) : y
2 = f(x) := x6 − 8x5 + 2x4 + 2x3 − 11x2 + 10x− 7.
By [4, Table 2], all the non-cuspidal quadratic points on X0(23) not defined over Q(
√−15), Q(√−11),
Q(
√−7) or Q(√−5) are of the form (x0,
√
f(x0)), for some x0 ∈ Q. We write d = f(x0), so the
aforementioned point is defined over Q(
√
d). Define D to be the square-free part of d. By putting
x0 =
m
n
, (m,n) = 1, we can write
(2) n6d = m6 − 8m5n+ 2m4n2 + 2m3n3 − 11m2n4 + 10mn5 − 7n6.
By considering the possibilities of m and n in (2) modulo 4, we have that n6d ≡ 1 (mod 4) and we
conclude that D ≡ 1 (mod 4), from which the claim follows. 
Proposition 2.3. Let K = Q(
√
D), where D 6= −11 is square-free, be a quadratic field over which
X0(26) has a non-cuspidal point.
(a) Then
(a.1) D is odd,
(a.2) the prime 13 is not inert in K.
(b) If p ramifies in K, then 13 is a square modulo p.
Proof. We use the following equation for X0(26):
X0(26) : y
2 = f(x) := x6 − 8x5 + 8x4 − 18x3 + 8x2 − 8x+ 1.
By [4, Table 3], all the non-cuspidal quadratic points on X0(26) not defined over Q(
√−23), Q(√−11),
Q(
√−3) or Q(√−1) are of the form (x0,
√
f(x0)), for some x0 ∈ Q. We write d = f(x0), so the
aforementioned point is defined over Q(
√
d). Define D to be the square-free part of d. By putting
x0 =
m
n
, (m,n) = 1, we can write
(3) n6d = m6 − 8m5n+ 8m4n2 − 18m3n3 + 8m2n4 − 8mn5 + n6.
We now prove each part of the Proposition separately.
(a.1) By considering the possibilities of m and n in (3) modulo 128, we have that n6d ≡ 1 (mod 2),
n6d ≡ 64 (mod 128), n6d ≡ 16 (mod 32) or n6d ≡ 4 (mod 16). In the last three cases we can
write d = 64d1, d = 16d2 and d = 4d3, respectively, and get n
6di ≡ 1 (mod 2), i = 1, 2, 3, so in
all cases we have D ≡ 1 (mod 2).
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(a.2) By looking at all the possibilities of m and n in (3) modulo 132, we see that n6d ≡ 1, 3, 4, 9, 10, 12
(mod 13) or n6d ≡ 52, 117 (mod 132). It follows that 132 ∤ n6d, so D ≡ 0, 1, 3, 4, 9, 10, 12
(mod 13). Therefore we have
(
D
13
)
= 1 or D ≡ 0 (mod 13), so p splits or ramifies in K.
(b) Note that the integer n in (3) is not divisible by 13 and we write (3) as
n6d =
(
m3 + (−
√
13− 4)m2n+ 1
2
(
√
13 + 5)mn2 +
1
2
(−3
√
13− 11)n3
)
×
×
(
m3 + (
√
13− 4)m2n+ 1
2
(−
√
13 + 5)mn2 +
1
2
(3
√
13− 11)n3
)
.
Since, by assumption, p divides n6d, one of the factors on the right hand side has to be zero in
Fp and therefore has to be defined over Fp. This implies that
√
13 is defined modulo p, i.e. 13 is
a quadratic residue modulo p.

Proposition 2.4. Let K = Q(
√
D), where D 6= −23,−7,−3 is square-free, be a quadratic field over
which X0(28) has a non-cuspidal point.
(a) Then
(a.1) the prime 3 splits in K,
(a.2) the prime 7 is not inert in K.
(b) If p ramifies in K, then −7 is a square modulo p.
(c) Let p 6= 2 be a prime such that −7 is a square modulo p. There exists infinitely many quadratic
fields generated by a point on X0(28) in which p ramifies.
Proof. We use the following equation for X0(28):
(4) X0(28) : y
2 = f(x) := 4x6 − 12x5 + 25x4 − 30x3 + 25x2 − 12x+ 4.
By [4, Table 4], all the non-cuspidal quadratic points on X0(28) not defined over Q(
√−23), Q(√−7)
or Q(
√−3) are of the form (x0,
√
f(x0)), for some x0 ∈ Q. We write d = f(x0), so the aforementioned
point is defined over Q(
√
d). Define D to be the square-free part of d. By putting x0 =
m
n
, (m,n) = 1,
we can write
(5) n6d = 4m6 − 12m5n+ 25m4n2 − 30m3n3 + 25m2n4 − 12mn5 + 4n6.
We now prove each part of the Proposition separately.
(a.1) By considering the possibilities of m and n in (5) modulo 3, we have that n6d ≡ 1 (mod 3), so
we have D ≡ 1 (mod 3), from which the claim follows.
(a.2) By looking at all the possibilities of m and n in (5) modulo 72, we see that n6d ≡ 1, 2, 4 (mod 7)
or n6d ≡ 14 (mod 72). It follows that 72 ∤ n6d, so D ≡ 0, 1, 2, 4 (mod 7), from which the claim
follows.
(b) Note that the integer n in (5) is not divisible by 7 and we write (5) as
n6d =
(
m+
1
2
(−√−7− 1)n
)(
m+
1
2
(
√−7− 1)n
)(
m+
1
4
(−√−7− 3)n
)
×
×
(
m+
1
4
(−√−7− 1)n
)(
m+
1
4
(
√−7− 3)n
)(
m+
1
4
(
√−7− 1)n
)
.
Since, by assumption, p divides n6d, one of the factors on the right hand side has to be zero in
Fp and therefore has to be defined over Fp. This implies that
√−7 is defined modulo p, i.e. -7
is a quadratic residue modulo p.
(c) We can write f(x) from (4) as
f(x) =
(
x2 − x+ 2)
(
x2 − 3
2
x+ 1
)(
x2 − 1
2
x+
1
2
)
,
where the first factor splits into linear factors over Q(
√−7). Therefore, f has a root over each
Fp such that
√−7 is defined modulo p, i.e. such that -7 is a square modulo p.
If x0 is a root of f such that f(x0) ≡ 0 (mod p), then f(x0 + kp) ≡ 0 (mod p), k = 0, ..., p− 1.
If p > 6, we have f(x0 + kp) 6≡ 0 (mod p2) for at least one value of k, as the degree of f is 6.
Now we know that for p > 6 there exists a ∈ Z be such that f(a) ≡ 0 (mod p) and f(a) 6≡ 0
(mod p2). Therefore, p ramifies in Q(
√
f(a)).
It remains to show that there are infinitely many quadratic fields such that p ramifies. Let
S = {u ∈ Z : u ≡ a (mod p2)}. Obviously f(u) ≡ 0 (mod p) and f(a) 6≡ 0 (mod p2) for all
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u ∈ S. Let du be the squarefree part of f(u); the quadratic point (u,
√
f(u)) will be defined over
Q(
√
du). Similarly, (u, f(u)) is a rational point on the quadratic twists C
(du) of X0(28),
C(du) : duy
2 = f(x).
Since each C(du) is of genus 2, by Faltings theorem it follows that C(du)(Q) is finite and hence
{du : u ∈ S} is infinite, proving the claim.

Proposition 2.5. Let K = Q(
√
D), where D is square-free, be a quadratic field over which X0(29) has
a non-cuspidal point.
(a) Then
(a.1) D is odd,
(a.2) the prime 29 is not inert in K.
(b) If p ramifies in K, then 29 is a square modulo p.
Proof. We use the following equation for X0(29):
X0(29) : y
2 = f(x) := x6 − 4x5 − 12x4 + 2x3 + 8x2 + 8x− 7.
By [4, Table 5], all the non-cuspidal quadratic points on X0(29) not defined over Q(
√−7) or Q(√−1) are
of the form (x0,
√
f(x0)), for some x0 ∈ Q. We write d = f(x0), so the aforementioned point is defined
over Q(
√
d). Define D to be the square-free part of d. By putting x0 =
m
n
, (m,n) = 1, we can write
(6) n6d = m6 − 4m5n− 12m4n2 + 2m3n3 + 8m2n4 + 8mn5 − 7n6.
We now prove each part of the Proposition separately.
(b) Note that the integer n in (6) is not divisible by 29 and we write (6) as
n6d =
(
m3 + (−
√
29− 2)m2n+ 1
2
(
√
29 + 13)mn2 +
1
2
(−
√
29− 1)n3
)
×
×
(
m3 + (
√
29− 2)m2n+ 1
2
(−
√
29 + 13)mn2 +
1
2
(
√
29− 1)n3
)
.
Since, by assumption, p divides n6d, one of the factors on the right hand side has to be zero in
Fp and therefore has to be defined over Fp. This implies that
√
29 is defined modulo p, i.e. 29 is
a quadratic residue modulo p.
(a.1) By considering the possibilities of m and n in (6) modulo 32, we have that n6d ≡ 1 (mod 2),
n6d ≡ 12 (mod 16) or n6d ≡ 16 (mod 32). In the last two cases we can write d = 4d1 and
d = 16d2, respectively, and get n
6di ≡ 1 (mod 2), i = 1, 2, so in all cases we have D ≡ 1
(mod 2).
(a.2) We write D = 29a · p1 · ... · pk, where a ∈ {0, 1}. If a = 0, then D ≡ 0 (mod 29). If a = 1, then(
D
29
)
=
(
p1
29
) · ... · (pk29 ) , which is equal to 1 after using the part (b) of this Proposition. In this
case we have that
(
D
29
)
= 1, therefore D is not inert in K.

Proposition 2.6. Let K = Q(
√
D), where D 6= −7, 5 is square-free, be a quadratic field over which
X0(30) has a non-cuspidal point.
(a) Then
(a.1) the prime 2 splits in K,
(a.2) the prime 3 splits in K,
(a.3) the prime 5 is not inert in K.
(b) If p ramifies in K, then 5 is a square modulo p.
(c) Let p 6= 2 be a prime such that 5 is a square modulo p. There exists infinitely many quadratic
fields generated by a point on X0(30) in which p ramifies.
Proof. We use the following equation for X0(30):
(7) X0(30) : y
2 = f(x) := x8 + 14x7 + 79x6 + 242x5 + 441x4 + 484x3 + 316x2 + 112x+ 16.
By [4, Table 6], all the non-cuspidal quadratic points on X0(30) not defined over Q(
√−7) or Q(√5) are
of the form (x0,
√
f(x0)), for some x0 ∈ Q. We write d = f(x0), so the aforementioned point is defined
over Q(
√
d). Define D to be the square-free part of d. By putting x0 =
m
n
, (m,n) = 1, we can write
(8) n8d = m8 + 14m7n+ 79m6n2 + 242m5n3 + 441m4n4 + 484m3n5 + 316m2n6 + 112mn7 + 16n8.
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We now prove each part of the Proposition separately.
(a.1) By considering the possibilities of m and n in (8) modulo 128, we have that n8d ≡ 16 (mod 128)
or n8d ≡ 1 (mod 8). In the first case we can write d = 16d1 and get n8d1 ≡ 1 (mod 8), so in
both cases and we conclude D ≡ 1 (mod 8), from which the claim follows.
(a.2) By considering the possibilities of m and n in (8) modulo 3, we have that n8d ≡ 1 (mod 3), and
we conclude D ≡ 1 (mod 3), from which the claim follows.
(a.3) By looking at all the possibilities of m and n in (8) modulo 25, we see that n8d ≡ 1 (mod 5) or
n8d ≡ 5 (mod 25). It follows that 52 ∤ n8d, so D ≡ 0, 1, 4 (mod 5), from which the claim follows.
(b) Note that the integer n in (8) is not divisible by 5 and write (8) as
n8d =
(
m+ (−
√
5 + 3)n
)(
m+ (
√
5 + 3)n
)(
m+
1
2
(−
√
5 + 3)n
)(
m+
1
2
(
√
5 + 3)n
)
×
×
(
m2 +
1
2
(−
√
5 + 5)mn+ (−
√
5 + 3)n2
)(
m2 +
1
2
(
√
5 + 5)mn+ (
√
5 + 3)n2
)
.
Since, by assumption, p divides n8d, one of the factors on the right hand side has to be zero in
Fp and therefore has to be defined over Fp. This implies that
√
5 is defined modulo p, i.e. 5 is a
quadratic residue modulo p.
(c) We can write f(x) from (7) as
f(x) = (x2 + 3x+ 1)(x2 + 6x+ 4)(x4 + 5x3 + 11x2 + 10x+ 4),
where the first two factors split into linear factors over Q(
√
5). Therefore, f has a root over each
Fp such that
√
5 is defined modulo p, i.e. such that 5 is a square modulo p.
If x0 is a root of f such that f(x0) ≡ 0 (mod p), then f(x0 + kp) ≡ 0 (mod p), k = 0, ..., p− 1.
If p > 8, we have f(x0 + kp) 6≡ 0 (mod p2) for at least one value of k, as the degree of f is 8.
Now we know that for p > 8 there exists a ∈ Z be such that f(a) ≡ 0 (mod p) and f(a) 6≡ 0
(mod p2), and an easy computation shows that this is also true for p = 5. Therefore, p ramifies
in Q(
√
f(a)).
It remains to show that there are infinitely many quadratic fields such that p ramifies. Let
S = {u ∈ Z : u ≡ a (mod p2)}. Obviously f(u) ≡ 0 (mod p) and f(a) 6≡ 0 (mod p2) for all
u ∈ S. Let du be the squarefree part of f(u); the quadratic point (u,
√
f(u)) will be defined over
Q(
√
du). Similarly, (u, f(u)) is a rational point on the quadratic twists C
(du) of X0(30),
C(du) : duy
2 = f(x).
Since each C(du) is of genus 3, by Faltings theorem it follows that C(du)(Q) is finite and hence
{du : u ∈ S} is infinite, proving the claim.

Remark 1. In Equation (7) in (a.1) we proved that 5 is not inert in K or equivalently, that D ≡ 0, 1, 4
(mod 5). From computational experiments it seems that it always holds that D ≡ 0, 1 (mod 5).
Proposition 2.7. Let K = Q(
√
D), where D is square-free, be a quadratic field over which X0(31) has
a non-cuspidal point. Then 2 is unramified in K.
Proof. We use the following equation for X0(31):
X0(31) : y
2 = f(x) := x6 − 8x5 + 6x4 + 18x3 − 11x2 − 14x− 3.
By [4, Table 7], all the non-cuspidal quadratic points on X0(31) not defined over Q(
√−3) are of the
form (x0,
√
f(x0)), for some x0 ∈ Q. We write d = f(x0), so the aforementioned point is defined over
Q(
√
d). Define D to be the square-free part of d. By putting x0 =
m
n
, (m,n) = 1, we can write
(9) n6d = m6 − 8m5n+ 6m4n2 + 18m3n3 − 11m2n4 − 14mn5 − 3n6.
By considering the possibilities of m and n modulo 4, we have that n6d ≡ 1 (mod 4) and we conclude
that D ≡ 1 (mod 4), from which the claim follows. 
Proposition 2.8. Let K = Q(
√
D), where D 6= −11,−7,−2 is square-free, be a quadratic field over
which X0(33) has a non-cuspidal point.
(a) Then
(a.1) the prime 2 splits in K,
(a.2) the prime 11 is not inert in K,
(a.3) the quadratic field K is real, i.e. D > 0.
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(b) If p ramifies in K, then −11 is a square modulo p.
(c) Let p 6= 2 be a prime such that −11 is a square modulo p. There exists infinitely many quadratic
fields generated by a point on X0(33) in which p ramifies.
Proof. We use the following equation for X0(33):
X0(33) : y
2 = f(x) := x8 + 10x6 − 8x5 + 47x4 − 40x3 + 82x2 − 44x+ 33.
By [4, Table 8], all the non-cuspidal quadratic points on X0(26) not defined over Q(
√−11), Q(√−7)
or Q(
√−2) are of the form (x0,
√
f(x0)), for some x0 ∈ Q. We write d = f(x0), so the aforementioned
point is defined over Q(
√
d). Define D to be the square-free part of d. By putting x0 =
m
n
, (m,n) = 1,
we can write
(10) n8d = m8 + 10m6n2 − 8m5n3 + 47m4n4 − 40m3n5 + 82m2n6 − 44mn7 + 33n8.
We now prove each part of the Proposition separately.
(b) Note that the integer n in (10) is not divisible by 11 and we write (10) as
n8d =
(
m+
1
2
(−√−11− 1)n
)(
m+
1
2
(
√−11− 1)n
)
×
×
(
m3 +
1
2
(−√−11 + 1)m2n+ 1
2
(
√−11 + 5)mn2 −√−11n3
)
×
×
(
m3 +
1
2
(
√−11 + 1)m2n+ 1
2
(−√−11 + 5)mn2 +√−11n3
)
.
Since, by assumption, p divides n8d, one of the factors on the right hand side has to be zero in
Fp and therefore has to be defined over Fp. This implies that
√−11 is defined modulo p, i.e.
−11 is a quadratic residue modulo p.
(a.1) By considering the possibilities of m and n in (10) modulo 8, we have that n6d ≡ 1 (mod 8), so
we conclude that D ≡ 1 (mod 8), from which the claim follows.
(a.2) We write D = 11a · p1 · ... · pk, where a ∈ {0, 1}. If a = 0, then D ≡ 0 (mod 11). If a = 1, then(
D
11
)
=
(
p1
11
) · ... · (pk11 ) , which is equal to 1 after using the part (b) of this Proposition. In this
case we have that
(
D
11
)
= 1, therefore D is not inert in K.
(a.3) A point of the form (x0,
√
f(x0)) with x0 ∈ Q is clearly defined over a real quadratic field, since
f(x0) = x
8
0 + 10x
6
0 − 8x50 + 47x40 − 40x30 + 82x20 − 44x0 + 33 > 0, for every x0.
(c) We can write f(x) from (10) as
f(x) = (x2 − x+ 3)(x6 + x5 + 8x4 − 3x3 + 20x2 − 11x+ 11),
where the first factor splits into linear factors over Q(
√−11). Therefore, f has a root over each
Fp such that
√−11 is defined modulo p, i.e. such that -11 is a square modulo p.
If x0 is a root of f such that f(x0) ≡ 0 (mod p), then f(x0 + kp) ≡ 0 (mod p), k = 0, ..., p− 1.
If p > 8, we have f(x0 + kp) 6≡ 0 (mod p2) for at least one value of k, as the degree of f is 8.
Now we know that for p > 8 there exists a ∈ Z be such that f(a) ≡ 0 (mod p) and f(a) 6≡ 0
(mod p2), and an easy computation shows that this is also true for p = 3, 5. Therefore, p ramifies
in Q(
√
f(a)).
It remains to show that there are infinitely many quadratic fields such that p ramifies. Let
S = {u ∈ Z : u ≡ a (mod p2)}. Obviously f(u) ≡ 0 (mod p) and f(a) 6≡ 0 (mod p2) for all
u ∈ S. Let du be the squarefree part of f(u); the quadratic point (u,
√
f(u)) will be defined over
Q(
√
du). Similarly, (u, f(u)) is a rational point on the quadratic twists C
(du) of X0(33),
C(du) : duy
2 = f(x).
Since each C(du) is of genus 3, by Faltings theorem it follows that C(du)(Q) is finite and hence
{du : u ∈ S} is infinite, proving the claim.

Proposition 2.9. Let K = Q(
√
D), where D 6= 5 is square-free, be a quadratic field over which X0(35)
has a non-cuspidal point.
(a) Then
(a.1) the prime 2 is unramified in K,
(a.2) the prime 5 is not inert in K,
(a.3) the prime 7 splits in K.
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(b) If p ramifies in K, then 5 is a square modulo p.
(c) Let p 6= 2 be a prime such that 5 is a square modulo p. There exists infinitely many quadratic
fields generated by a point on X0(35) in which p ramifies.
Proof. We use the following equation for X0(35):
(11) X0(35) : y
2 = f(x) := x8 − 4x7 − 6x6 − 4x5 − 9x4 + 4x3 − 6x2 + 4x+ 1.
By [4, Table 9], all the non-cuspidal quadratic points on X0(35) not defined over Q(
√
5) are of the form
(x0,
√
f(x0)), for some x0 ∈ Q. We write d = f(x0), so the aforementioned point is defined over Q(
√
d).
Define D to be the square-free part of d. By putting x0 =
m
n
, (m,n) = 1, we can write
(12) n8d = m8 − 4m7n− 6m6n2 − 4m5n3 − 9m4n4 + 4m3n5 − 6m2n6 + 4mn7 + n8.
We now prove each part of the Proposition separately.
(a.1) By considering the possibilities of m and n in (12) modulo 4, we have that n8d ≡ 1 (mod 4) and
we conclude D ≡ 1 (mod 4), and the claim follows.
(a.2) By looking at all the possibilities of m and n in (12) modulo 25, we see that n8d ≡ 1 (mod 5) or
n8d ≡ 5 (mod 25) It follows that 52 ∤ n8d, so D ≡ 0, 1, 4 (mod 5), from which the claim follows.
(a.3) By considering the possibilities of m and n in (12) modulo 7, we have that n8d ≡ 1, 2, 4 (mod 7)
and we conclude D ≡ 1, 2, 4 (mod 7), from which the claim follows.
(b) Note that n in (8) is not divisible by 5 and write (8) as
n8d =
(
m+
1
2
(−
√
5 + 1)n
)(
m+
1
2
(
√
5 + 1)n
)
×
×
(
m3 +
1
2
(−3
√
5− 5)m2n+ 1
2
(
√
5 + 5)mn2 + (−
√
5− 2)n3
)
×
×
(
m3 +
1
2
(3
√
5− 5)m2n+ 1
2
(−
√
5 + 5)mn2 + (
√
5− 2)n3
)
.
Since, by assumption, p divides n8d, one of the factors on the right hand side has to be zero in
Fp and therefore has to be defined over Fp. This implies that
√
5 is defined modulo p, i.e. 5 is a
quadratic residue modulo p.
(c) We can write f(x) from (11) as
f(x) = (x2 + x− 1)(x6 − 5x5 − 9x3 − 5x− 1),
where the first factor splits into linear factors over Q(
√
5). Therefore, f has a root over each Fp
such that
√
5 is defined modulo p, i.e. such that 5 is a square modulo p.
If x0 is a root of f such that f(x0) ≡ 0 (mod p), then f(x0 + kp) ≡ 0 (mod p), k = 0, ..., p− 1.
If p > 8, we have f(x0 + kp) 6≡ 0 (mod p2) for at least one value of k, as the degree of f is 8.
Now we know that for p > 8 there exists a ∈ Z be such that f(a) ≡ 0 (mod p) and f(a) 6≡ 0
(mod p2), and an easy computation shows that this is also true for p = 5. Therefore, p ramifies
in Q(
√
f(a)).
It remains to show that there are infinitely many quadratic fields such that p ramifies. Let
S = {u ∈ Z : u ≡ a (mod p2)}. Obviously f(u) ≡ 0 (mod p) and f(a) 6≡ 0 (mod p2) for all
u ∈ S. Let du be the squarefree part of f(u); the quadratic point (u,
√
f(u)) will be defined over
Q(
√
du). Similarly, (u, f(u)) is a rational point on the quadratic twists C
(du) of X0(35),
C(du) : duy
2 = f(x).
Since each C(du) is of genus 3, by Faltings theorem it follows that C(du)(Q) is finite and hence
{du : u ∈ S} is infinite, proving the claim.

Remark 2. In Equation (11) in (a.1) we proved that 5 is not inert in K or equivalently, that D ≡ 0, 1, 4
(mod 5). From computational experiments it seems that it always holds that D ≡ 0, 1 (mod 5).
Proposition 2.10. Let K = Q(
√
D), where D 6= −7,−3 is square-free, be a quadratic field over which
X0(39) has a non-cuspidal point.
(a) Then
(a.1) the prime 2 is unramified in K,
(a.2) the prime 3 is not inert in K,
(a.3) the prime 13 splits in K.
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(b) If p ramifies in K, then 13 is a square modulo p.
Proof. We use the following equation for X0(39):
X0(39) : y
2 = f(x) := x8 − 6x7 + 3x6 + 12x5 − 23x4 + 12x3 + 3x2 − 6x+ 1.
By [4, Table 10], all the non-cuspidal quadratic points on X0(39) not defined over Q(
√−7) or Q(√−3)
are of the form (x0,
√
f(x0)), for some x0 ∈ Q. We write d = f(x0), so the aforementioned point is
defined over Q(
√
d). Define D to be the square-free part of d. By putting x0 =
m
n
, (m,n) = 1, we can
write
(13) n8d = m8 − 6m7n+ 3m6n2 + 12m5n3 − 23m4n4 + 12m3n5 + 3m2n6 − 6mn7 + n8.
We now prove each part of the Proposition separately.
(a.1) By considering the possibilities of m and n in (13) modulo 4, we have that n8d ≡ 1 (mod 4), so
we conclude that D ≡ 1 (mod 4), and the claim follows.
(a.2) We have that the right side of (13) is congruent to (m4 − n4)2 modulo 3.
Suppose first that m 6≡ n (mod 3). If n 6≡ 0 (mod 3) then D is a square modulo 3 and if n 6≡ 0
(mod 3) then v3(d) = −8v3(n) and the coprime-to-3 part of d is a square modulo 3.
Suppose now that m ≡ n (mod 3). Then we run through all the possibilities of m and n modulo
81 and note that either n8d is divisible by 3 by an odd power or n8d ≡ 9k (mod 81), where k 6≡ 0
(mod 81) and k is a square modulo 9. We conclude that the coprime-to-3 part of d is in that
case a square modulo 81 and hence also 3. In all cases we get that D ≡ 0, 1 (mod 3).
(a.3) By considering the possibilities ofm and n in (13) modulo 13, we have that n8d ≡ 1, 3, 4, 9, 10, 12
(mod 13), so we conclude that D ≡ 1, 3, 4, 9, 10, 12 (mod 13),, hence D is a square modulo 13,
from which the claim follows.
(b) If vp(n) = k > 0, then we see that vp(d) = −8k and similarly if vp(m) = k > 0 then vp(d) = 0.
In both cases vp(D) = 0 so in that case p cannot ramify in K. So assume p does not divide m
and n, and we write (13) as
n6d =
(
m2 +
1
2
(−
√
13− 7)mn+ n2
)(
m2 +
1
2
(−
√
13 + 1)mn+ n2
)
×
×
(
m2 +
1
2
(
√
13− 7)mn+ n2
)(
m2 +
1
2
(
√
13 + 1)mn+ n2
)
Since, by assumption, p divides n8d, one of the factors on the right hand side has to be zero in
Fp and therefore has to be defined over Fp. This implies that
√
13 is defined modulo p, i.e. 13 is
a quadratic residue modulo p.

Proposition 2.11. Let K = Q(
√
D), where D 6= −1 is square-free, be a quadratic field over which
X0(40) has a non-cuspidal point.
(a) Then
(a.1) the prime 2 splits in K,
(a.2) the prime 3 splits in K,
(a.3) the prime 5 splits in K,
(a.4) the quadratic field K is real, i.e. D > 0.
(b) If p ramifies in K, then
(b.1) −1 is a square modulo p,
(b.2) 5 is a square modulo p.
Proof. We use the following equation for X0(40):
X0(40) : y
2 = f(x) := x8 + 8x6 − 2x4 + 8x2 + 1.
By [4, Table 11], all the non-cuspidal quadratic points on X0(40) not defined over Q(i) are of the form
(x0,
√
f(x0)), for some x0 ∈ Q. We write d = f(x0), so the aforementioned point is defined over Q(
√
d).
Define D to be the square-free part of d. By putting x0 =
m
n
, (m,n) = 1, we can write
(14) n8d = m8 + 8m6n2 − 2m4n4 + 8m2n6 + n8.
We now prove each part of the Proposition separately.
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(a.1) We write (14) as
n8d = (m4 − n4)2 + 8m2n2(m4 + n4).
The integer n has to be odd, and if m is even, then n8d is an odd square modulo 8. It follows
that d ≡ 1 (mod 8), and hence D ≡ 1 (mod 8).
If m and n are both odd, then n8d ≡ 16m2n2 (mod 64), hence d = 4d1 for some integer d1. It
follows that d1 is an odd square modulo 64 from which we conclude that D ≡ 1 (mod 8), and
the claim follows.
(a.2) By considering the possibilities of m and n in (14) modulo 3, we have that n8d ≡ 1 (mod 3),
and we conclude D ≡ 1 (mod 3), from which the claim follows.
(a.3) By looking at all the possibilities of m and n in (14) modulo 5, we see that n8d ≡ 1, 4 (mod 5).
Hence, D ≡ 1, 4 (mod 5), and the claim follows.
(a.4) The proof can be found in [4, Theorem 4].
(b.1) We see that n is always odd in (14), in which the right-hand side can be written as a sum of two
squares:
n8d = m8 + 8m6n2 − 2m4n4 + 8m2n6 + n8 = (m2 + n2)4 + 4m2n2 (m2 − n2)2 = a2 + b2,
with the substitutions a :=
(
m2 + n2
)2
, b := 2mn
(
m2 − n2) . Now we have
n8d =
(
a+ b
√−1) (a− b√−1) ,
and after assuming p divides d, we see that
√−1 is defined modulo p. It follows that −1 is a
quadratic residue modulo p.
(b.2) Note that both m and n in (14) are not divisible by p using the same arguments as in the proof
of Proposition 2.10 (b) and write (14) as
n8d =
(
n4 + (−2
√
5 + 4)m2n2 +m4
)(
n4 + (2
√
5 + 4)m2n2 +m4
)
.
Since, by assumption, p divides n8d, one of the factors on the right hand side has to be zero in
Fp and therefore has to be defined over Fp. This implies that
√
5 is defined modulo p, i.e. 5 is a
quadratic residue modulo p.

Proposition 2.12. Let K = Q(
√
D), where D 6= −1 is square-free, be a quadratic field over which
X0(41) has a non-cuspidal point.
(a) Then 41 is not inert in K.
(b) If p ramifies in K, then 41 is a square modulo p.
Proof. We use the following equation for X0(41):
X0(41) : y
2 = f(x) := x8 − 4x7 − 8x6 + 10x5 + 20x4 + 8x3 − 15x2 − 20x− 8.
By [4, Table 12], all the non-cuspidal quadratic points on X0(41) not defined over Q(i) are of the form
(x0,
√
f(x0)), for some x0 ∈ Q. We write d = f(x0), so the aforementioned point is defined over Q(
√
d).
Define D to be the square-free part of d. By putting x0 =
m
n
, (m,n) = 1, we can write
(15) n8d = m8 − 4m7n− 8m6n2 + 10m5n3 + 20m4n4 + 8m3n5 − 15m2n6 − 20mn7 − 8n8.
We now prove each part of the Proposition separately.
(b) Note that one can show using the same arguments as in the proof of Proposition 2.10 (b) that
m and n in (15) are not divisible by p and write (15) as
n8d =
(
m4 − 2m3n+ (−
√
41− 6)m2n2 + (−
√
41− 7)mn3 + 1
2
(−
√
41− 3)n4
)
×
×
(
m4 − 2m3n+ (
√
41− 6)m2n2 + (
√
41− 7)mn3 + 1
2
(
√
41− 3)n4
)
.
Since, by assumption, p divides n8d, one of the factors on the right hand side has to be zero in
Fp and therefore has to be defined over Fp. This implies that
√
41 is defined modulo p, i.e. 41 is
a quadratic residue modulo p.
(a) We write D = 41a · p1 · ... · pk, where a ∈ {0, 1}. If a = 0, then D ≡ 0 (mod 41). If a = 1, then(
D
41
)
=
(
p1
41
) · ... · (pk41 ) , which is equal to 1 after using the part (b) of this Proposition. In this
case we have that
(
D
41
)
= 1, therefore D is not inert in K.

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Proposition 2.13. Let K = Q(
√
D), where D is square-free, be a quadratic field over which X0(46) has
a non-cuspidal point. Then 2 splits in K.
Proof. We use the following equation for X0(46):
X0(46) : y
2 = f(x) := x12−2x11+5x10+6x9−26x8+84x7−113x6+134x5−64x4+26x3+12x2+8x−7.
By [4, Table 13], all the non-cuspidal quadratic points on X0(46) not defined over Q(
√−7) are of the
form (x0,
√
f(x0)), for some x0 ∈ Q. We write d = f(x0), so the aforementioned point is defined over
Q(
√
d). Define D to be the square-free part of d. By putting x0 =
m
n
, (m,n) = 1, we can write
n12d =m12 − 2m11n+ 5m10n2 + 6m9n3 − 26m8n4+
+ 84m7n5 − 113m6n6 + 134m5n7 − 64m4n8 + 26m3n9 + 12m2n10 + 8mn11 − 7n12.(16)
By considering the possibilities ofm and nmodulo 512, we have that n12d ≡ 64 (mod 512) or n12d ≡ 1
(mod 8). In the first case we can write d = 64d1 and get n
12d1 ≡ 1 (mod 8), so in both cases and we
conclude that D ≡ 1 (mod 8), from which the claim follows. 
Proposition 2.14. Let K = Q(
√
D), where D is square-free, be a quadratic field over which X0(47) has
a non-cuspidal point. Then 2 is unramified in K.
Proof. We use the following equation for X0(47):
X0(47) : y
2 = f(x) := x10 − 6x9 + 11x8 − 24x7 + 19x6 − 16x5 − 13x4 + 30x3 − 38x2 + 28x− 11.
By [4, Table 14], all the non-cuspidal quadratic points on X0(47) are of the form (x0,
√
f(x0)), for
some x0 ∈ Q. We write d = f(x0), so the aforementioned point is defined over Q(
√
d). Define D to be
the square-free part of d. By putting x0 =
m
n
, (m,n) = 1, we can write
n10d =m10 − 6m9n+ 11m8n2 − 24m7n3+
+ 19m6n4 − 16m5n5 − 13m4n6 + 30m3n7 − 38m2n8 + 28mn9 − 11n10.(17)
By considering the possibilities of m and n modulo 4, we have that n10d ≡ 1 (mod 4) and we conclude
that D ≡ 1 (mod 4), from which the claim follows. 
Proposition 2.15. Let K = Q(
√
D), where D 6= −1 is square-free, be a quadratic field over which
X0(48) has a non-cuspidal point.
(a) Then
(a.1) the prime 2 is unramified in K,
(a.2) the prime 3 splits in K,
(a.3) the prime 5 splits in K,
(a.4) the quadratic field K is real, i.e. D > 0.
(b) If p ramifies in K, then
(b.1) −1 is a square modulo p,
(b.2) 3 is a square modulo p.
Proof. We use the following equation for X0(48):
X0(48) : y
2 = f(x) := x8 + 14x4 + 1.
By [4, Table 15], all the non-cuspidal quadratic points on X0(48) not defined over Q(i) are of the form
(x0,
√
f(x0)), for some x0 ∈ Q. We write d = f(x0), so the aforementioned point is defined over Q(
√
d).
Define D to be the square-free part of d. By putting x0 =
m
n
, (m,n) = 1 we can write
(18) n8d = m8 + 14m4n4 + n8.
We now prove each part of the Proposition separately.
(a.1) We write (18) as
n8d = (m4 + n4)2 + 12m4n4.
The integer n has to be odd, and if m is even, then n8d is an odd square modulo 8. It follows
that d ≡ 1 (mod 8), and hence D ≡ 1 (mod 8).
If m and n are both odd, then n8d ≡ 16 (mod 128). We write d = 16d1 and it follows that
n8d1 ≡ 1 (mod 8), from which we conclude that D ≡ 1 (mod 8), from which the claim follows.
(a.2) By considering the possibilities of m and n in (18) modulo 3, we have that n8d ≡ 1 (mod 3), we
conclude D ≡ 1 (mod 3), and the claim follows.
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(a.3) By looking at all the possibilities of m and n in (18) modulo 5, we see that n8d ≡ 1 (mod 5). It
follows that D ≡ 1, 4 (mod 5), so 5 splits in K.
(a.4) A point of the form (x0,
√
f(x0)) with x0 ∈ Q is clearly defined over a real quadratic field, since
f(x0) = x
8
0 + 14x
4
0 + 1 > 0, for every x0.
(b.1) Note that as in the proof Proposition 2.10 (b) we get that m and n in (18) are not divisible by
p and write (18) as
n8d =
(
m2 + (−√−1− 1)mn−√−1n2) (m2 + (−√−1− 1)mn+√−1n2)×
× (m2 + (√−1− 1)mn+√−1n2) (m2 + (√−1 + 1)mn−√−1n2) .
Since, by assumption, p divides n8d, one of the factors on the right hand side has to be zero in
Fp and therefore has to be defined over Fp. This implies that
√−1 is defined modulo p, i.e. -1
is a quadratic residue modulo p.
(b.2) As before we have that m and n in (18) are not divisible by p and
n8d =
(
m2 + (−
√
3− 1)mn+ (
√
3 + 2)n2
)(
m2 + (−
√
3 + 1)mn+ (−
√
3 + 2)n2
)
×
×
(
m2 + (
√
3− 1)mn+ (−
√
3 + 2)n2
)(
m2 + (
√
3 + 1)mn+ (
√
3 + 2)n2
)
.
Since, by assumption, p divides n8d, one of the factors on the right hand side has to be zero in
Fp and therefore has to be defined over Fp. This implies that
√
3 is defined modulo p, i.e. 3 is a
quadratic residue modulo p.

Proposition 2.16. Let K = Q(
√
D), where D 6= −7,−1 is square-free, be a quadratic field over which
X0(50) has a non-cuspidal point.
(a) Then
(a.1) D is odd,
(a.2) the prime 5 is not inert in K.
(b) If p ramifies in K, then 5 is a square modulo p.
Proof. We use the following equation for X0(50):
X0(50) : y
2 = f(x) := x6 − 4x5 − 10x3 − 4x+ 1.
By [4, Table 16], all the non-cuspidal quadratic points on X0(50), which are not defined over Q(i) or
Q(
√−7), are of the form (x0,
√
f(x0)), for some x0 ∈ Q. We write d = f(x0), so the aforementioned
point is defined over Q(
√
d). Define D to be the square-free part of d. By putting x0 =
m
n
, (m,n) = 1
we can write
(19) n6d = m6 − 4m5n− 10m3n3 − 4mn5 + n6.
We now prove each part of the Proposition separately.
(a.1) We have
m6 − 4m5n− 10m3n3 − 4mn5 + n6 ≡ (m3 − n3)2 (mod 4).
First note that n has to be odd. If m is even, then, it follows that d, and hence also D, is odd.
If m,n are not both odd, then clearly n6d ≡ 1 (mod 4), but if m,n are odd, we can get
n6d ≡ 4 (mod 16), n6d ≡ 16 (mod 32) or n6d ≡ 64 (mod 128). In the first case we have d = 4d1,
where d1 is odd, in the second case d = 16d2, where d2 is odd and in the third d = 64d3, where
d3 is odd. In all cases we get that D is odd.
(a.2) First note that n cannot be divisible by 5. If 5 | m, then it follows that d, and hence also D, is
a square modulo 5. If 5 ∤ m, then we have
m6 − 4m5n− 10m3n3 − 4mn5 + n6 ≡ m2 − 3mn+ n2 ≡ (m+ n)2 (mod 5),
so again we get that d, and hence also D, is a square modulo 5.
(b) Note that as in the proof of Proposition 2.10 (b) one can show that m and n in (19) are not
divisible by p and write (19) as
n6d =
(
m3 + (−
√
5− 2)m2n+ 1
2
(−
√
5 + 1)mn2 +
1
2
(−
√
5− 3)n3
)
×
×
(
m3 + (
√
5− 2)m2n+ 1
2
(
√
5 + 1)mn2 +
1
2
(
√
5− 3)n3
)
SPLITTING OF PRIMES IN NUMBER FIELDS GENERATED BY POINTS ON SOME MODULAR CURVES 12
Since, by assumption, p divides n6d, one of the factors on the right hand side has to be zero in
Fp and therefore has to be defined over Fp. This implies that
√
5 is defined modulo p, i.e. 5 is a
quadratic residue modulo p.

Proposition 2.17. Let K = Q(
√
D), where D is square-free, be a quadratic field over which X0(71) has
a non-cuspidal point. Then 2 is unramified in K.
Proof. We use the following equation for X0(71):
X0(71) : y
2 = f(x) :=x14 + 4x13 − 2x12 − 38x11 − 77x10 − 26x9+
+ 111x8 + 148x7 + x6 − 122x5 − 70x4 + 30x3 + 40x2 + 4x− 11.
By [4, Table 18], all the non-cuspidal quadratic points on X0(71) are of the form (x0,
√
f(x0)), for
some x0 ∈ Q. We write d = f(x0), so the aforementioned point is defined over Q(
√
d). Define D to be
the square-free part of d. By putting x0 =
m
n
, (m,n) = 1, we can write
n14d =m14 + 4m13n− 2m12n2 − 38m11n3 − 77m10n4 − 26m9n5 + 111m8n6+
+ 148m7n7 +m6n8 − 122m5n9 − 70m4n10 + 30m3n11 + 40m2n12 + 4mn13 − 11n14.(20)
By considering the possibilities of m and n modulo 4, we have that n14d ≡ 1 (mod 4) and we conclude
that D ≡ 1 (mod 4), from which the claim follows. 
Theorem 2.18. In the table below, we list the primes p ≤ 100 which are unramified for all quadratic fields
generated by quadratic points X0(n), for n ∈ {22, 23, 26, 29, 30, 31, 33, 35, 39, 40, 41, 46, 47, 48, 50, 59, 71}.
n unramified primes
22 3, 5, 23, 31, 37, 59, 67, 71, 89, 97
23 2, 3, 13, 29, 31, 41, 47, 71, 73
26 3, 5, 7, 11, 17, 19, 31, 37, 41, 43, 47, 59, 67, 71, 73, 83, 89, 97
28 3, 5, 13, 17, 19, 31, 41, 47, 59, 61, 73, 83, 89, 97
29 3, 5, 11, 13, 17, 19, 31, 37, 41, 43, 47, 53, 61, 73, 79, 89, 97
30 2, 3, 7, 13, 17, 23, 37, 43, 47, 53, 67, 73, 83, 97
31 2, 5, 7, 19, 41, 59, 71, 97
33 2, 7, 13, 17, 19, 29, 41, 43, 61, 73, 79, 83
35 2, 3, 7, 13, 17, 23, 37, 43, 47, 53, 67, 73, 83, 97
39 2, 5, 7, 11, 13, 19, 31, 37, 41, 47, 59, 61, 67, 71, 73, 79, 83, 89, 97
40 2, 3, 5, 7, 11, 13, 17, 19, 23, 31, 37, 41, 43, 47, 53, 59, 61, 67, 71, 73, 79, 83, 97
41 3, 5, 7, 11, 13, 17, 19, 29, 37, 47, 53, 61, 67, 71, 73, 79, 89, 97
46 2, 3, 13, 29, 31, 41, 47, 71, 73
47 2, 3, 7, 17, 37, 53, 59, 61, 71, 79, 89, 97
48 2, 3, 5, 7, 11, 17, 19, 23, 29, 31, 41, 43, 47, 53, 59, 67, 71, 79, 83, 89
50 3, 7, 11, 13, 17, 19, 23, 37, 41, 43, 47, 53, 67, 73, 83, 89, 97
59 3, 5, 7, 19, 29, 41, 53, 79
71 2, 3, 5, 19, 29, 37, 43, 73, 79, 83, 89
Table 1. Primes up to 100 that do not ramify in quadratic fields over which X0(n) has a point.
Proof. The proofs of all the facts listed are easy and all basically the same; take some prime p in the
table below. Using the notation as in the propositions in this section, we run through all m and n in
the appropriate equation modulo p and we get that n2kd 6≡ 0 (mod p) for some positive integer k, which
gives us that D 6≡ 0 (mod p) and hence p is unramified. 
3. Splitting of 2 in cubic fields generated by cubic points of X1(2, 14)
Let us fix the following notation for the remainder of this section. Denote X := X1(2, 14) and
Y := Y1(2, 14). Let φ : X1(2, 14) → X1(14) be the forgetful map sending x = (E,P,Q,R) ∈ X with P
and Q of order 2 and R of order 7 to (E,P,R) ∈ X1(14). Let K be a cubic number field over which X
has a non-cuspidal point x = (E,P,Q,R) and let P be a prime above p. Denote by x the reduction of
x mod P.
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In this section we are going to prove that the prime 2 always splits in a cubic field over which X has
a non-cuspidal point. Furthermore, we will show the same statement for all primes p ≡ ±1 (mod 7) for
which E has multiplicative reduction.
The curve X has the following model [5, Proposition 3.7] in P1Q × P1Q:
(21) X : f(u, v) = (u3 + u2 − 2u− 1)v(v + 1) + (v3 + v2 − 2v − 1)u(u+ 1) = 0.
The curve X has 18 cusps, 9 of which are defined over Q and 9 over Q(ζ7)
+, forming 3 Galois orbits.
Let τ and ω be automorphisms of X , where the moduli interpretation of τ is that it acts as a
permutation of order 3 on the points of order 2 of E and trivially on the point of order 7, and where the
moduli interpretation of ω is that it acts trivially on the points of order 2 and as multiplication by 2 on
the point of order 7. Let α := στ and β := στ2.
From [5, Chapter 3] it follows that the only maps of degree 3 from X to P1 are quotienting out by
subgroups generated by α and β (an automorphism of X interchanges these two maps) and that all
non-cuspidal cubic points on X are inverse images of P1(Q) with respect to these maps. Also, both α
and β act freely on the set of cusps.
Let x ∈ Y (K) and y = φ(x) ∈ Y1(14). The actions of α and β descend to X1(14) (call the descended
actions α′ and β′) by sending (E,P,R) to (E,Q, 2R) for some point Q 6= P of order 2. The difference
between α and β is in the choice of Q. One easily deduces that α′ and β′ act freely on the cusps of
X1(14) (this follows from the fact that the degree of the map φ and the length of the orbits are coprime).
As it has already been mentioned, the results of [5] tell us that elliptic curves with Z/2Z × Z/14Z
torsion over a cubic field are parameterized by P1(Q), so one can write every such curve as Eu for some
u ∈ Q. We do not display the model for Eu as it contains huge coefficients, but it can be found in the
accompanying magma code. In [5] it is proved that the curve E := Eu is a base change of an elliptic
curve defined over Q.
We have
j(u) =
(u2 + u+ 1)3(u6 + u5 + 2u4 + 9u3 + 12u2 + 5u+ 1)f12(u)
3
u14(u+ 1)14(u3 + u2 − 2u− 1)2 ,
where
f12(u) = u
12 + 4u11 + 3u10 − 4u9 + 6u7 − 17u6 − 30u5 + 6u4 + 34u3 + 25u2 + 8u+ 1,
and
∆(u) =
u14(u+ 1)14(u3 + u2 − 2u− 1)2
h12(u)12
,
c4(u) =
g2(u)g6(u)g12(u)
h12(u)4
,
where gi are polynomials in u of degree i, for i = 2, 6, 12, and h12 is of degree 12.
Let res(f, g) denote the resultant of the polynomials f and g. If vp(h12(u)) > 0, then E does not
have multiplicative reduction at p, since res (h12(u), g∆(u)) = res (h12(u), gc4(u)) = 1, where g∆ is the
numerator of ∆(u) and gc4 is the numerator of c4(u), and therefore vp(j(u)) = 0. There are several
possibilities for the elliptic curve E to have multiplicative reduction:
• If vp(u) =: k > 0, then using the fact that
res
(
u,
∆(u)
u14
)
= res (u, c4(u)) = 1,
we conclude that reduction mod p will be of type I14k.
• If vp(u) =: −k < 0, with the change of variables v := 1u we get a similar situation as above, with
res
(
v,
∆(v)
v14
)
= res (v, c4(v)) = 1,
so the reduction mod p will be of type I14k.
• If vp(u) = 0 and vp(u + 1) := k > 0, then using the fact that
res
(
u+ 1,
∆(u)
(u+ 1)14
)
= res (u+ 1, c4(u)) = 1,
we conclude that the reduction mod p is of type I14k.
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• The only other possibility for multiplicative reduction is vp(u3 + u2 − 2u − 1) =: k > 0. Note
that a root α of f(u) := u3+ u2− 2u− 1 generates the ring of integers Z[α] of Q(ζ7)+. The fact
that p|f(u) implies that f(u) has a root in Fp and hence p splits in Q(ζ7)+, implying p ≡ ±1
(mod 7) or p = 7. Since
res
(
u3 + u2 − 2u− 1, ∆(u)
(u3 + u2 − 2u− 1)2
)
= 730
and
res
(
u3 + u2 − 2u− 1, c4(u)
)
= 712,
it follows that there can be cancellation with the numerator only in the case p = 7.
• Suppose p = 7, v7(u) = 0 and v7(u3 + u2 − 2u − 1) = k > 0. An easy computation shows that
u ≡ 2 (mod 7) and k = 1, and that the numerator will be divisible by a higher power of 7 than
u3 + u2 − 2u− 1, which show that the reduction will not be multiplicative.
In the discussion above we have proved the following two results:
Proposition 3.1. Suppose E has multiplicative reduction at a rational prime p. Then either the reduc-
tion is of type I14k for some k, or p ≡ ±1 (mod 7), in which case the reduction is I2k.
Remark 3. As it has been mentioned, E is a base change of an elliptic curve over Q, so in Proposition 3.1
and in the remainder of the section, when we consider the reduction of E (and alsoX andX1(14)) modulo
a rational prime, we will consider E to be defined over Q and when we consider it modulo a prime of K
we consider its base change to K.
Proposition 3.2. The curve E has multiplicative reduction of type I14k at 2.
Proof. This follows from the observation that v2(u) 6= 0 or both v2(u) = 0 and v2(u+1) > 0, from which
it follows, by what we have already proved, that in both cases the reduction type of Eu at 2 is I14k. 
We now prove 3 useful lemmas.
Lemma 3.3. Let x ∈ Y (K) and let P be a prime of K over 2. Then x modulo P is defined over F2.
Proof. As mentioned above, the results of [5] imply that a non-cuspidal cubic point on x ∈ X given by
the equation f(u, v) = 0 in (21) satisfies either u ∈ P1(Q) or v ∈ P1(Q). Over F2, the polynomial f
factors as
f(u, v) = (u+ v)(uv + v + 1)(uv + v + 1),
which implies that if one of u or v is ∈ P1(F2), then so is the other. This implies that the reduction of
x modulo P is defined over F2. 
Lemma 3.4. Let F = Q(ζ7)
+, let C be a cusp of X whose field of definition is F and let q be a rational
prime. Then the field of definition of the reduction of x in Fq is Fq3 if q 6≡ ±1 (mod 7) and Fq if q ≡ ±1
(mod 7).
Proof. We have [k(C) : Fq] = [Qq(ζ7 + ζ
−1
7 ) : Qq] from which the claim follows. 
Lemma 3.5. Let q ≡ ±1 (mod 7) be a rational prime such that E has multiplicative reduction over q
and let P be a prime of K over q. Then the reduction of x ∈ X modulo P corresponding to the curve E
is Fq.
Proof. Since x modulo P is a cusp, the statement follows from Lemma 3.4. 
Proposition 3.6. Let q = 2 or q ≡ ±1 (mod 7) be a rational prime such that E has multiplicative
reduction in q. Then q is splits in K.
Proof. Descending everything to X1(14), we have y = C0, y
σ = C1, y
σ
2
= C2. Suppose q is inert in K.
Let D = [y + yσ + yσ
2 − 3C0]. By Lemma 3.3 and Lemma 3.5, all Ci are defined over Fq. Using the
same arguments as in [11, Proposition 3.1.] we get that C0 = C1 = C2, and hence
D = [y + yσ + yσ2 − 3C0] = 0.
Note that yσ = α′(y) and yσ
2
= (α′)2(y).
Since reduction modulo q is injective on the torsion of X1(14), from D = 0 and the fact that the rank
of X1(14)(Q(ζ7)
+) is 0, we conclude D = 0. For q > 2 this follows from [6, Appendix] and for q = 2 we
explicitly check injectivity.
Let T = y + yσ + yσ
2
= y + α′(y) + α′2(y).
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We have [T − 3C0] = [T − 3C′] = [T − 3C′′] = 0, where C′ = α′(C0) and C′′ = (α′)2(C0). Note that
C0 6= C′ 6= C′′, since α′ acts freely on the cusps. We have 3[C0 −C′] = 3[C0 −C′′] = 3[C′ −C′′] = 0, so
[C0 − C′], [C′′ − C0] and [C′ − C′′] are distinct points of order 3. But since X1(14)(Q(ζ7)+) ≃ Z/18Z,
there are only 2 points of order 3, which gives us a contradiction. 
References
[1] W. Bosma, J. Cannon and C. Playoust: The Magma Algebra System I: The User Language, J. Symb. Comp. 24 (1997),
235–265. (See also http://magma.maths.usyd.edu.au/magma/) 1
[2] J. G. Bosman, P. J. Bruin, A. Dujella and F. Najman, Ranks of elliptic curves with prescribed torsion over number
fields, Int. Math. Res. Notices 2014 (2014), 2885–2923. 1
[3] J. Box, Quadratic points on modular curves with infinite Mordell–Weil group, Math. Comp. to appear. 1
[4] P. Bruin and F. Najman, Hyperelliptic modular curves X0(n) and isogenies of elliptic curves over quadratic fields,
LMS J. Comput. Math. 18 (2015) 578–602. 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12
[5] P. Bruin and F. Najman, Fields of definition of elliptic curves with prescribed torsion, Acta Arith. 181 (2017) 85–96.
1, 13, 14
[6] N. M. Katz, Galois properties of torsion points on abelian varieties, Invent. Math. 62 (1981), 481–502. 14
[7] M. A. Kenku and F. Momose, Torsion points on elliptic curves defined over quadratic fields, Nagoya Math. J. 109
(1988), 125–149. 1
[8] D. Krumm, Quadratic Points on Modular Curves, PhD thesis, University of Georgia, 2013. 1
[9] B. Mazur, Modular curves and the Eisenstein ideal, Inst. Hautes Études Sci. Publ. Math. 47 (1978), 33–186. 1
[10] F. Momose, p-torsion points on elliptic curves defined over quadratic fields, Nagoya Math. J. 96 (1984), 139–165. 1
[11] F. Najman, Tamagawa numbers of elliptic curves with C13 torsion over quadratic fields, Proc. Amer. Math. Soc. 145
(2017), 3747–3753. 14
Department of Mathematics, Faculty of Science, University of Zagreb, Bijenička cesta 30, 10000 Zagreb,
Croatia
E-mail address: fnajman@math.hr
Department of Mathematics, Faculty of Science, University of Zagreb, Bijenička cesta 30, 10000 Zagreb,
Croatia
E-mail address: antonela.trbovic@math.hr
